The Sylow-2-subgroups of a periodic group with minimal condition on centralizers are locally finite and conjugate. The same holds for the Sylow-p-subgroups for any prime p, provided the subgroups generated by any two p-elements of the group are finite. In the non-periodic context, the bounded left Engel elements of a group with minimal condition on centralizers form the Fitting subgroup. ᮊ 1999 Academic Press
INTRODUCTION
Nilpotency properties in groups with the chain condition on centralizers Ž . ᑧ have been studied by a number of people, generalizing correspondc w x ing results for linear groups. R. Bryant 2 proved that a locally nilpotent periodic ᑧ -group is nilpotent-by-finite and that the Sylow p-subgroups in c w x a locally finite ᑧ -group are conjugate. Bryant and Hartley 3 also c showed that a periodic locally soluble ᑧ -group is nilpotent-by-abelianc by-finite. We shall extend Bryant's first result by replacing local nilpotency Ž . by binary nilpotency Remark 2.1 and his second result by replacing local Ž . Ž . finiteness by periodicity for p s 2 or binary finiteness for arbitrary p Ž . Theorem 3.1 . We also answer positively a question of John Wilson about Ž . Ž local finiteness of ᑧ -2-groups Corollary 2.4 . Recall that a group is c binary P, where P is a property of groups, if every 2-generated subgroup is . contained in a group satisfying P. Ž . unions at the limit stages. We also write Z G for Z G . The deri¨ed series
w Ž n. Žn. x of G is given by G s G and G s G , G . The series of iterated 0 Ž . Ä 4 centralizers of some subset X of G is defined inductively via C X s 1 Proof. If G is finite, it is nilpotent and we are done. Otherwise, let N be a normal nilpotent subgroup of G of finite index, g , . . . , g a system of 0 n Ž . ² g i representatives of GrN, and x g Z N a non-trivial element. Then x : : Ž . i F n is a normal subgroup of G contained in Z N , and must contain a ² : non-trivial central element z of the nilpotent group x, g : i F n . But i Ž .
Ž . then z g Z G and Z G is non-trivial. Since the assumptions of the fact are preserved under quotients, G is hypercentral. But now, if H is a Ž . proper subgroup of G and ␣ is minimal such that Z G g H, then is not a p-group, and we may assume that G is finite. Since X does not generate a p-group, there are two distinct subgroups S and T of G which are maximal subject to being p-subgroups generated by elements in X. Choose S and T such that S l T l X is of maximal ² : cardinality, and let I s S l T l X . By Lemma 1.5 there are x g Ž . Ž . N I y I and y g N I y I; by assumption there is some n such S l X T l X w x w x w x that x, y s 1 or y, x s 1, and by symmetry we may assume x, y s 1.
y1 is a conjugate of y and hence in X. Since
, in either case this group is an extension of T by a p-element in X normalizing T, and thus a p-group generated by elements in X. As u f T, this contradicts maximality of T. for all i G 0.
LEMMA 1.8. Let G be a group and S a nilpotent subgroup of class c. If
commutator of length c q 1 in N is a product of commutators of the above form of length at least c q 1. Thus N is nilpotent of class c.
For the second assertion, we use induction on i.
Ž . jugates of S and normalizes C N . But this holds if and only if
G G w x Fact 1.9 4 . Let G be an abelian group acting on an abelian group A. Suppose that there are finitely many elements g , . . . , g in G such that
. . , g . Let a be an element in A, and suppose that for 
Then X generates a locally nilpotent subgroup of G.
Proof. Suppose the assertion is false, and that the group G with the G-invariant subset X is a counter-example. Fix a locally nilpotent subgroup S of G which is maximal subject to being generated by elements in X. By Fact 1.2 and the first assumption, S is nilpotent-by-finite and is a maximal soluble subgroup of G subject to being generated by elements in Ž .
Since X is not locally nilpotent, there is another locally nilpotent subgroup T of G which is maximal subject to being generated by elements of X. Note that if every pair of elements of X generates a 2-group, then local nilpotency implies that both S and T are 2-groups. Let I I be the set ² : of all subgroups I of S of the form I s S l T l X , where T ranges through all locally nilpotent subgroups of G distinct from S which are maximal subject to being generated by elements in X. We have just seen that I I is non-empty. Note that any I in I I is generated by I l X. Ž . Claim. Let I : i -␣ be an ascending sequence of groups in I I, and
Proof of Claim. I is a subgroup of S and thus nilpotent-by-finite. Let K be a nilpotent subgroup of minimal finite index in I, say of nilpotency class c. Now I satisfies the normalizer condition by Fact 1.3. So if K is Ž . not normal in I, then there is g g I normalizing N K but not K.
I
Hence KK g is a nilpotent group with K -KK g F I, contradicting the < < minimality of the index I : K . It follows that K is normal in I and unique.
Put K s K l I for all i -␣ , so K is nilpotent of class at most c. 
Then K * is nilpotent of class at most 2 c q 1 and 
Ž .
Ž . 
²
: more I is generated by I l X, and y g X; by assumption I, y is locally nilpotent, and hence contained in a locally nilpotent group T which is 1 maximal subject to being generated by elements in X. Now I F S l T , 1 ² : and y g T y S implies S / T . Therefore J s S l T l X is the re- Proof of Claim. Let T be a locally nilpotent subgroup of G distinct from S and maximal subject to being generated by elements in X, such ² : Ž . that I s S l T l X . By Lemma 1.5 there is some y g N I y I; in
Case 2. b we may choose y with y g I. Similarly, there is some x g Ž . Ž Ž . Note that under the assumptions of the Theorem, since a locally nilpotent ᑧ -group is soluble by Fact 1.2, the group generated by X is c also nilpotent-by-finite. ᑧ -group and X a G-in¨ariant Proof. If every pair of elements of X generates a 2-group, we can close X under taking powers. Since a soluble 2-generated 2-group is finite and thus nilpotent, in particular it satisfies some Engel identity. By Lemma 1.7 a soluble subgroup of G generated by a subset of X is locally nilpotent. By Fact 1.4 it also is nilpotent-by-finite. We may now apply Theorem 2.1 to see that X generates a locally nilpotent group, which must be a p-group by local nilpotency. Proof. This is obvious, as any two elements in a nilpotent group satisfy some Engel identity.
COROLLARY 2.2. Let G be an

COROLLARY 2.4. An ᑧ -2-group is locally finite. A periodic ᑧ -group G c c is locally nilpotent if and only if e¨ery pair of elements generates a nilpotent subgroup.
Proof. The first assertion follows immediately from Corollary 2.2. For the second assertion, suppose every pair of elements generates a nilpotent subgroup. For each prime p let X be the set of all p-elements of G. p Since a nilpotent group generated by two p-elements must be a finite p-group, X is a normal locally finite p-group by Corollary 2.3; this holds p Ž for all primes p. But any two elements of coprime order must commute as . they generate a nilpotent subgroup , so G is the direct product of all the X and locally nilpotent. The converse is trivial. x g X: x s 1 . Suppose q is a power of some prime p such that the exponent, or the nilpotency class, of every group generated by two ele-Ž .
n ments in X q is bounded, say by p for some n -. Note that if a group H is nilpotent of class c and generated by elements in X , it is easy to see
H has a set of generators of order dividing q for all We shall now consider non-periodic groups. Proof. If we denote the set of bounded left Engel elements by E, then E is G-invariant, and any two elements of E satisfy some Engel condition. By Fact 1.6 a soluble subgroup generated by a subset of E is nilpotent; Proof. Note first that under the assumptions of the theorem, the Ž . maximal p-subgroups of G i.e., the Sylow-p-subgroups are locally finite by Corollary 2.4. Assume for a contradiction that G is a counter-example to the assertion. subgroup of S of index at most n and S s S l N for all i, j with . on centralizers the ascending sequence F C : i -has a maximal
for all i -, we see that C G C G S; replacing U by a conjugate, we Ž . may assume C G S. Extend U l C which is N and S to Sylow-p-sub-g roups U and S of C; since C -G, our assumptions imply that there is
We shall show inductively that if X and Y are two Sylow-p-subgroups
By assumption they generate a finite group modulo X l Y, so Ž . Ž . Claim. There is a sequence A , B , C : i -: I I such that
